Morita equivalences between fixed point 
algebras and crossed products 

Chi-Keung Ng* 

Abstract 

In this paper, we will prove that if A is a C*-algebra with an 
effective coaction e by a compact quantum group, then the fixed point 
algebra and the reduced crossed product are Morita equivalent. As 
an application, we prove an imprimitivity type theorem for crossed 
products of coactions by discrete Kac C*-algebras. 

0. Introduction 

After proving an imprimitivity type theorem for multiplicative unitaries 
of discrete type (actually, those come from discrete Kac algebras) in [7, 5.2], 
we noticed that the same method can be use to prove the fact that the fixed 
point algebra and the reduced crossed product of an effective coaction (see 
Definition 2.2) on a C*-algebra A by a Woronowicz C*-algebra (i.e. a compact 
quantum group) are Morita equivalent (see Theorem 2.13). However, since 
A may not be unital, we need a slightly more general version of Watatani's 
C*-basic construction. We do this in Section 1. 

In Section 2, we prove the main theorem. We first prove this in the case 
when the coaction is injective and the Hopf C*-algebra is the reduced one. 
We then show how we can relax the condition to the case when the coaction 
is not injective and the Hopf C*-algebra may be the full one. 

In Section 3, we give some applications of the main theorem. In particu- 
lar, we show that we don't need to assume amenability in the imprimitivity 
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theorem in [7, 5.2] (see [7, 5.7(a)]). Moreover, we also prove an imprimi- 
tivity type theorem for crossed products of coactions by discrete type Kac 
C*- algebras. Finally, we give an application to the case of discrete group 
coactions. 

1. C*-basic constructions for non-unital C*-algebras 

We would like to start with a slightly more general version of Watatani's 
C*-basic construction (see [14]) in the case when the C*-algcbras may not be 
unital. Actually, it is just an application of the original version by Watatani. 
Let S be a C*-algebra and let A be a C*-subalgebra of B that contains an 
approximate unit of B. Let be a faithful conditional expectation from B 
to A. In this case, we have the following easy lemma. 

Lemma 1.1: A has a unit if and only if B has. Moreover, if it is the case, 
then the unit of S is in A. 

As in [14, 2.1], we define an A-valued inner product on B by {b,c) = 
E(h*c). Since £' is a faithful conditional expectation, the inner product (■, ■) 
makes B into a pre-Hilbcrt A-module. Let JF be the completion of B with 
respect to this inner product and let 7] be the canonical map from B to JF. 
Consider a *-homomorphism A from B to C{!F) defined by \{a){r]{h)) = r]{ab) 
and an element ca G given by 6^(77(6)) = r]{E{h)). Using the same 

argument as in [14, 2.1], we can show that they are well defined and ca 
is clearly a projection in C{J-). As in [14, 2.1.2], we define the C*-basic 
construction as follows: 

Definition 1.2: Let C*{B, ca) be the closed linear span of the set {X{a)eAX{b) : 
a,b e B} and call it the (reduced) C*-basic construction. 

Note that in [14], there are two kinds of C*-basic construction but since 
they are isomorphic, we only consider one of them here. It is clear that 
C*{B,eA) — K,{T) (where K,{!F) is the closed linear span of the finite rank 
operators on JF). In the case when the C*-algebras are unital, we have the 
following result from [14, 2.2.11]: 

Theorem 1.3: (Watatani) Let B be a unital C*-algebra and let A be a C*- 
subalgcbra of B that contains the unit of B. Let E be a faithful conditional 
expectation from B to A. If B acts on a Hilbert space H faithfully (and 
non-degenerately) and e is a projection on H such that 
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(i) ebe = E{b)e for all 6 G -B and 

(ii) the map that sends a E A to ae E C,{H) is injective, 

then the norm closure of BeB is isomorphic to C*{B, e^) canonically. 

We would like to give a similar result in the non-unital case. In the 
remainder of this section, we assume that B is non-unital. Let B^ — B®C-1 

be the unitalisation of B and let be the C*-subalgebra of generated 
by A and 1. Define a map from B^ to A^ by E^[x + /xl) = E[x) + //I. 
Then we have: 

Proposition 1.4: E^ is a faithful conditional expectation from B^ to A^ . 
Proof: We first show that || E^ \\= 1. Note that A^ C M{A) C M{B) (since 
A contains an approximate unit of B). Then || E^{x + ixl) \\m{A)= sup{\\ 
E\x + nl)y \\:y e A,\\y \\<1} = sup{\\ E{xy + ny) \\: y e A, || y ||< 1} < 
s-updl xy + ixy ||: y E A,\\ y \\< 1} < || x + //I ||m(s)- Moreover, since 
E^[l) = 1, II E^ 11= 1. Let Ui E A he an approximate unit of B. Then 
for any b E B, fi E C, {b + iiUi)*{b + jiUi) > 0. Since E is positive and of 
norm 1, E{u1) < 1. Hence E{b*b)+ | p -1 + E{-flUib + nb*Ui) > E{{b + 
ljLUi)*{b + jiUi)) > 0. Now the left hand side of the inequality converges to 
E^{{b + + ^1)) in norm. Hence, E^ is positive. Now assume that 

E^{{x + fil)*{x + fil)) = and suppose that ^ is non-zero. Then for any 
a E A, E{{xa + jia)* {xa + iia)) = and so (xa + iia) = because E is faithful. 
Let p = E{—x/n) E A. Then pa — a for all a e A which contradicts the 
assumption that B is non-unital (see Lemma 1.1). Thus = and so a; = 
as well (as is faithful). 

Thus, we can construct (the Hilbert A^-module arising from E^; see 

the paragraph after Lemma 1.1) and the C*-basic construction for E^ . Let 
be the canonical map from i?^ to £(JF^) and e\ be the element in £(JF^) 
that corresponds to E^ . Now since i? is a subalgebra of B^ and E^ extends 
E, T isB. Hilbert A^-submodule of (note that B ■ A^ <Z B). clear that 
^\{^) ^ ^ and its restriction to is ca- Let K{T^)q be the closed linear 
span in £(JF^) of the set {Ol- y : x,y E vi^)} (where 6l^y{z) = x{y,z) and let 
7] be the canonical map from B^ to JF^). For any T E /C(jF^)o, T(jF) C 
(since it is true for each Oly)- Define a map ^ from /C(jF^)o to C{J-') by 
*(r) = T 1^ (the restriction of T). Then || ^ ||< 1 and ^(/C(J^^)o) C /C(J?^). 
It is clear that is a surjective *-homomorphism from /C(jF^)o to /C(JF). Let 
Ui be an approximate unit for B. Then for any T E )C{J^^)q, T{ri{ui)) will 
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converge to T{ri{l)) (since it is true for 6l.y and || ri{ui) \\< 1). Hence, if 
^(T) = 0, then T{ri{B)) = and so T{r]{B^)) = which imphes that T = 0. 
Therefore, we obtain the following: 

Proposition 1.5: Let /C(jF^)o be the closed hnear span of the set {O^ y : 
x,y e ri{B)} in Then /C(J^^)o = /C(JP). Consequently, C*{B,eA) is 

isomorphic to the closed hnear span of the set {A^(6)e^A^(6') : b,b' E B} in 
C*{B\e\). 

We can now obtain the result that we want: 

Theorem 1.6: Let B be a C*-algebra and let ^4 be a C*-subalgebra of B 
that contains an approximate unit of B. Let E he a faithful conditional 
expectation from B to A. If B acts on a Hilbert space H faithfully (and 
non-degenerately) and e is a projection on H such that 

(1) ebe = E{b)e for all 6 e S and 

(2) the map that sends a e A to ae e C{H) is injective, 

then the norm closure of BeB is canonically isomorphic to C*(S,e^). 
Proof: If B is unital, then it is just Theorem 1.3. Therefore, we assume 
that B is non-unital. Since B is represented faithfully on i7, so is M{B) 
and hence so is B^. We would hke to use Theorem 1.3. First of all, e{b + 
//l)e = E{b)e + /le — E^{b + iA)e and so condition (i) of Theorem 1.3 holds. 
Secondly, since A contains an approximate unit of B, M{A) is represented 
non-degenerately on H through a map (j). Now let K = eH . Then, because 
of condition (1), condition (2) means that A is represented faithfully and 
non-degenerately on K (since A contains an approximate unit of B) and 
hence so is M{A). Now it is clear that this representation of M{A) on K is 
the restriction of 0. Hence the map that sends a G to ae is injective. Now 
applying Theorem 1.3 to (i?^, A^, i?^), we know that the closure of B^eB^ 
is isomorphic to C*{B^,e\) under an isomorphism ip which sends beb' to 
X^{b)e\X^{b'). Hence the restriction of t/j will map the closure of BeB to 
{X^{b)e\X^{b') : b,b' e B} which is isomorphic to C*(S, e^) by Proposition 
1.5. 

2. Morita equivalences between fixed point algebras and crossed 
products 

In this section, we will prove a result about Morita equivalences between 
fixed point algebras and crossed products for a special kind of coaction of 
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compact quantum groups (Theorem 2.13). We first prove the restricted case 
when S = Sy (see [1]) for a regular multiphcative V of compact type on a 
Hilbert space Hy such that there exists a faithful Haar state (p on S and the 
coaction is injective and effective in the following sense. 

Definition 2.2: A coaction e on S by 5" is said to be effective if e(S) • (S® 1) 
is dense in B ® S. 

Let S be a C*-algebra with an injective coaction e hy S and let B^ be 
the fixed point algebra. Let E — {id® v')e. It is not hard to show that E is 
a faithful conditional expectation from B to B"^. Moreover, 5^ contains an 
approximate unit of B by the following easy lemma: 

Lemma 2.1: Let B and D be C*-algebras and be a state on D. If Wi is 
an approximate unit of B ® D, then [id ® (t>){wi) is an approximate unit for 
B. 

Note that any dual coaction is effective since comultiplications are ef- 
fective. Prom now on, we can use the same lines of proof as in [7, Section 
5] to deduce Theorem 2.7. However, for completeness, we will repeat the 
arguments here. 

Lemma 2.3: {id ® id ® Lp){Vi2Vi:i) = {id id (p){Vi3). 
Proof: Since ip is the Haar state, {id^(p)S{{uj(E)id)V) = {uj (E) id (E) p>) {Vi^) for 
all uj e C{Hv)*. Now the lemma follows from the fact that C{Hv)* separates 
points of C{Hv). 

Lemma 2.4: Let B be faithfully represented on a Hilbert space H. Regard 
e as an injective map from B to C{H <S) Hy) and let e = 1 ® p (where 
p — {id® 'P>)iy) e C{Hv)). Then e and e will satisfy the two conditions of 
Theorem 1.6. 

Proof: Since for any a G -B"^, e(a) = a 1, condition (2) of Theorem 1.6 is 
clear. For condition (1), observe that (1 ® p)e{h){l ® p) = {id ® id ® tp ® 
P>){V22,{e{h)®l®l)V2i) = {id®id0ip0ip){{{id0 6v)e{b)0l)V23V2A) for all 
b E B. Thus, using Lemma 2.3, (1 <S>p)e{b){l ® p) = {id®id®ip® <f){{{id<S> 
6v)e{b) ® l)\/24) = [{id ® id ^ ^){{id ^ Sv)e{b))]{l ^ p) = {id ^ if){e{b)) ^ p. 
Hence we proved the lemma. 

Lemma 2.5: The set P — {{id (p ■ s){V) : s e Ay} is a dense subset of 

Sy. 



5 



Proof: Wc first note that because p ■ Sy = C ■ p, p E Sv (where p = 
{td(^(p){V)). Moreover, if s = {uj(^td){V) G Ay, then {td ip){{l ® s)V) = 
{uj(^id(^(p){VisV23) = {id(^(p){uj iS>id(^id){{5v iS>id)V) = {uji^id)Sv{p). Note 
that Sv{p){x ® 1) e S'y S'y (for any x G Sy) and so {u ® id)Sv{p) G Sy- 
Thus we have showen that P is a subset of Sy. Let t G S'y be such that 
((/? ■ s){t) = for all s G Ay. Then ^p{t*t) = (as Ay is dense in Sy). 
Because Lp is faithful, P' = {ip ■ s : s G Ay} separates points of Sy. Hence P' 
is a{Sy, S'y)-dense in Sy. Therefore, for any / G Sy, there exists a net Si in 
Ay such that ip ■ Si converges to / weakly. Note that g{Ly(h)) = h{py{g)) 
for all h G Sy and g E Sy and that Ly{Sy) is a dense subset of Sy (since 
1 G Sy). Hence for any z/ G C{Hy)^,, there exists a net in P = py{P') such 
that /i(ai) converges to h{py{i')) for any /i G Sy. Therefore, the a{Sy,Sy)- 
closure of P will contain Ay and so P is norm dense in Sy (because P is a 
convex subset of S'y). 

Lemma 2.6: Let the notation be the same as in Lemma 2.4. If, in addition, 
e is effective, then the linear span, T, of {e(a)(l ® p)e{b) : a, 6 G P} is norm 

dense in B x^ ^ Sy 

Proof: We first note that T is a subset of B x^^r Sy. Since e is a coaction, 
(1 (g) p)€{b) = {id 0id® 99) ((e (g) id)e{b)V23). Therefore, e(a)(l p)e(6) = 
{id<Siid®(p){{e^id){{a^l)e{b))V23). Since e is effective, elements of the form 
{id <S> id <^ ^){{^ ® id){c s)V23) {c E B and s G S'y) can be approximated 
in norm by elements in T. Note that {id (E) id (E) ^p){{^ ® id){c (E) s)V23) = 
e{c) {1 ® {id ^ ip ■ s) {V)) . Hence by Lemma 2.5, T is norm dense in B x^^r Sy. 

We can now state and prove the main theorem in this section. 

Theorem 2.7: Let P be a C*-algebra with an injective and effective coaction 
e by S'y. Let P*^ be the fixed point algebra of e. Then P*^ is strongly Morita 
equivalent to the reduced crossed product P Xg^,. Sy {= B x^^^ax Sy). 
Proof: By Lemma 2.4, Theorem 1.6 and the fact that the Hilbert-P^-module 
(defined by the conditional expectation) is full, P*^ is strongly Morita 
equivalent to the closure of the linear span of the set {e(a)(l <8)p)e(6) : a, 6 G 
P} which, by Lemma 2.6, equals P x^^r Sy. 

We are now going to relax the conditions on e and S. We first deal with 

the case when e is not injective. As in [6, 2.17], we consider / = Ker{e). 
Then there is a coaction e' on A = B/I given by e'{q{b)) = {q® id)e{b) for 
any b E B (where q is the canonical quotient from B to A). It is easily seen 
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that if e is effective, then so is e'. Note that (id (g> ip)e{B) = B"^ no matter e 
is injective or not. We first show the following lemma: 

Lemma 2.8: With the notation above, A^' is isomorphic to B^. 
Proof: Note that A'' = {id ® ip)e\q{B)) = {q ® ^)e{B) = q{B'). Now 
if b e B" be such that q{b) = 0, then b e I ^ Ker{e) and e{b) = 6 (g) 1 
which implies that 6 = 0. Hence, the restriction of q on is injective and 
is therefore an isomorphism. 

Proposition 2.9: Let everything be the same as Theorem 2.7 except that 
we don't assume e to be injective. Then B"^ is strongly Morita equivalent to 
the reduced crossed product B x^^r Sy- 

Proof: Since V is of compact type, it is automatically amenable. Therefore, 
by [6, 2.19(a)], we have A Xg/^^ Sy — B x^^r Sy (where A and e' be as defined 
above). Therefore, B^ is strongly Morita equivalent to B x^^rSy by Theorem 
2.7. 

We now turn to the case when S — {Sy)p (see [6]). 

Lemma 2.10: Let Lpp = o Ly. Then ip^ is an invariant state on {Sy)p (in 
the sense that {id ® ^p)5p — ipp-1). 

Proof: Let p be the minimum central projection in Sy that corresponds to (p. 
Let X be the injective norm decreasing algebraic homomorphism from {Sy)*p 

to M{Sy) as given in [6, A6]. Then it is clear that x(<^p) = p and hence ^pp is 
a central minimum projection in {Sy)*p. This means that {f ®(pp)5p = f{l)ipp 
for any / e {Sy)* (note that 5p{l) = 10 1). 

Let S be a C*-algebra with coaction e" by {Sv)p. As in [6, 2.14], we 

consider e = {id ® Ly)e" . It is clear that if e" is effective, then so is e. 
Note that we also have {id ® ipp)e"{B) = B"" . Now B"" = {id ® Lpp)e"{B) = 
{id® ip)e{B) = 5^. Moreover, we recall from [6, 2.14] that B x^n.^. {Sy)p is 
isomorphic to B x^,. Sy. These, together with Proposition 2.9, proved the 
following generalisation of Theorem 2.7: 

Proposition 2.11: Let i? be a C*-algebra with an effective coaction e by 
S — Sy oi {Sy)p. Let be the fixed point algebra of e. Then is strongly 
Morita equivalent to the reduced crossed product B x^^j. S {— B x^^^^x S). 

Now we would like to further generalise S. Let be a compact quantum 
group (i.e. an unital Hopf C*-algebra with comultiphcation 6 such that both 
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6{S){S ® 1) and 5(5") (1 ® S) arc dense in S*® 5'). By [11], S* has a Haar state 
(p. Let {H, tt) be the GNS representation corresponding to (p and V be the 
multipHcative unitary on H as defined in [1, 1.2(4)]. Then tt is a surjective 
map from S to Sy- Let ip be the Haar state on Sy (which equals the state 
defined by 0). Then (p is faithful by the following lemma. 

Lemma 2.12: Let A be a compact quantum group with a Haar state ijj. 
Then ip is a faithful state if and only if the GNS representation [H, tt) cor- 
responding to ijj is faithful. 

Proof: Suppose that {H,7i) is faithful. Let N — {x e A : ijj{x*x) = 0}. 
Then it is clear that N ^ {x e A : i/j{yx) = for all y e A}. By [15, 5.6(6)], 

iplab) = ip{b{fi * a* fi)) for all a E A. Now since ^4 is a dense subalgebra of 
A and fi * A* fi = A, N = {x e A : ip{xy) = for all y G A}. Hence N is 
an ideal of A and so N = Keriji) = 0. Thus ip is faithful. 

Let be a C*-algebra with coaction e" by S and let e = {id®Ti)e" . Then 
e is a coaction on B hj Sy- By the same argument as in Proposition 2.11, 
we have ^B' . Therefore, if we define the reduced crossed product of e" 
to be the reduced crossed product of e, then we have the following: 

Theorem 2.13: Let S be a C*-algebra with an effective coaction e by a 
compact quantum group S. Then B^ is strongly Morita equivalent to the 
reduced crossed product B x^^r S. 

Note that the assumption of effectiveness cannot be removed. For ex- 
ample, if we consider e to be the trivial coaction on B (i.e. e{b) = 6 ® 1), 
then the fixed point algebra is B itself while the reduced crossed product is 
B ^ S which are clearly not Morita equivalent (e.g. when B — C and S is 
non-trivial) . 

Remcirk 2.14: (a) We was told that van Daele and Zhang have recently 
proved a similar result to Theorem 2.13 (but in a purely algebraic frame- 
work) for algebraic quantum groups (which can be regarded as a generaliza- 
tion of both compact quantum groups and discrete quantum groups). For a 
reference, we refer the readers to [12]. 

(b) By the proof of Theorem 2.7, we know that in general (i.e. when e is not 
effective), B^ is strongly Morita equivalent to the ideal / = {e(a)(l (8)p)e(6) : 
a, 6 G B} of B x^^r Sy {I is an ideal since p is a central minimum projection). 
Consequently, if the reduced crossed product satisfies some properties that 
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are preserved under taking ideal and under Morita equivalence, then so does 
the fixed point algebra. In particular, we have the following corollary. 

Corollary 2.15: Let 5 be a C*-algebra with a coaction (not necessary 
effective) e by a compact quantum group S. Then 

(a) if B Xg^r -5" is nuclear (this is the case if B is, see [6, 3.4]), so is B^; 

(b) if B x^^r S is liminal (resp. postliminal), then so is B"^; 

(c) if B X £ y iS' IS simple, then it is strongly Morita equivalent to B^ and so 
B"^ is simple. 

Finally, we would like to apply Theorem 2.7 to the case of coactions by 
discrete groups. We recall from [4, 2.6], that if A is a C*-algebra with "re- 
duced" coaction e by a discrete group G (i.e. an injective and non-degenerate 
coaction by C*{G)), then A — ®t^G-^t (with being the fixed point alge- 
bra of e). Let be the Haar state on C*{G) and Xt be the canonical image 
of t G G in C;{G). Let ^pt = ^ ■ A^-i. Then At = {id (g) V^t)e(A). Recall 
from [5, Section 5] that e is said to be full if At ■ At-i = Ag for all t E G (or 
equivalently, Ar ■ As — Ars for all r, s e G) . 

Lemma 2.16: e is effective if and only if it is full. 

Proof: Suppose that e is effective. Then by acting (id (8) V't) on both sides 
of the equation e{A) • (A (g) 1) = A (g) C*{G), we have At ■ A = A. Thus by 
applying {id ip-t)^ again, we obtain At • At-i = A^. Conversely, suppose 
that e is full. It is required to show that t{A) ■ {A ® \) ^ A^. ® Xg- Actually, 
it suffices to show that {A^ ® A^) • {A^-i^ ® 1) 2 ® A^. However, it is clear 
from the definition of full coaction that this relation holds. 

Now using Theorem 2.7, we can obtain as a corollary [5, 5.2] (which stated 
that the fixed point algebra and the crossed product are Morita equivalent 
if the coaction is full). 

3. An application of the main theorem 

In this section, we will use the main result in Section 2 to prove a imprim- 
itivity type theorem for crossed products of coactions by discrete quantum 
groups. We first recall some basic definition from [7, Section 4] . 

Definition 3.1: Let U and V be regular multiphcative unitaries on the 

Hilbert spaces H and K respectively. X G L{K ® H) is said to be a U-V- 
birepresentation if X is a representation of as well as a corepresentation 
of U. 
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We recall from [7, 3.9] that a f/-K-birepresentation X will induce a 
Hopf *-homomorphism Lx" from {Su)p to M[{Sv)p] as well as a Hopf *- 
homomorphism px' from {Sv)p to M[{Su)p]- Therefore, we have a coaction 
ex = {id<^ px')Sv on {Sv)p by (S'c/)^. 

Definition 3.2: Let U, V, W be regular multiplicative unitaries. 

(a) 1^ is said to be a sub-multiphcative unitary of V if there exists a V-W- 
bircprcscntation Y such that Ly"{{Sv)p) — {Sw)p- 

(b) U is said to be a quotient of V if there exists a t/-l/-birepresentation X 
such that px'{{Sv)p) = {Su)p. 

(c) Let U, V and W be of discrete type such that C/ is a quotient of V through 
X and 1^ is a submultiplicative unitary of V through Y. Then W is said to 
be normal if py is an isomorphism from {Sw)p to the fixed point algebra of 
ex in {Sv)p. 

The above terminologies come from the case of locally compact groups. 
If H and G are two locally compact groups, then if is a quotient of G if 
and only if C*{H) is a quotient of C*{G) as Hopf C*-algebras. Moreover, 
if is a subgroup of G if and only if Cq{H) is a quotient of Co(G) (as Hopf 
C*-algebras). A normal subgroup of a discrete group will certainly satisfy 
condition 3.2(c) (see [7,A2]). Using Proposition 2.11, wc can now give a 
positive answer to the remark in [7, 5.7(a)] (i.e. wc don't need to assume the 
amenability for U in the imprimitivity theorem). More precisely, we have: 

Theorem 3.3: Let f/, V and W be regular multiplicative unitaries of discrete 
type such that U comes from a discrete Kac algebra. If 14^ is a normal 
submultiplicative unitary of V with quotient C/, then {Sw)p is strongly Morita 
equivalent to {Sv)p Xe',r Su- 

Moreover, we can have the following version of the imprimitivity theorem 
for crossed products: Let U, V and W be multiplicative unitaries that come 
from discrete Kac algebras such that is a normal sub-multiplicative unitary 
of V (through a V-W^-bi-representation Y) with quotient U (through a U-V- 
bi-representation X). Furthermore, suppose that W is amenable (note that 
all U, V and W are co-amenable in this case). 

Theorem 3.4: Let U , V and W be as given in the previous paragraph. 
Let A be a C*-algebra with an injective and non-degenerate coaction e by 
Sv — {Sv)p and let e be the dual coaction on the full crossed product A x^S'y 
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(see [7, 1.12]). Suppose that e' and e" are the coactions on A and A Sy 
by Sw and {Su)p induced from e and e respectively (i.e. e' = {id (8 Lye 
and e" = (id (8) px')e)- Then A x^/ S'^y is strongly Morita equivalent to 

{A X,Sv) Xe",rSu- 

We need several lemmas to prove this theorem. 

Lemma 3.5: If e is an injective and non-degenerate coaction on a C*-algebra 
A by Sy, then the induced coaction e' — {id (8) Ly//)e on A by Sw is also 
injective and non-degenerate. 

Proof: Let Ey be the co-identity on Sy = {Sy)p. Then for any a G A, 
e{{id®Ey)e{a)—a) = and so {id^Ey)e{a) = a. Now if £^vf is the co-identity 
on Sw, then Ey = Ew o Ly by [7, 3.2(d)]. Therefore, {id ® Ew)e'{a) = a 
and so e' is injective. e' is non-degenerate since Ly is surjective. 

Lemma 3.6: Let B and C be C*-algebras and (f) a non-degenerate *- 
homomorphism from B to C with kernel I. Let be the extension of 
from M{B) to M(C). Then Ker(0) = {m E M{B) : m ■ B, B ■ m C I}. 
Proof: Let Q be the quotient map from B to i?// and ip be the canonical 
non-degenerate monomorphism from B/I to C. Then (p = ip o Q. Now the 
lemma follows from the easy facts that Ker{Q) — {m e M{B) : m-B, B-m C 
/} and that %p is injective. 

Lemma 3.7: Let B and C be two C*-algebras with coactions and ec 
respectively by a Hopf C*-algebra S. Suppose that S is C*-exact (as a C*- 
algebra). If is a non-degenerate equivariant *-homomorphism from B to 
C, then Ker{ip) is a weakly invariant ideal of A (in the sense of [8, 3.14]). 
Proof: Let / = Ker{ip) and q be the canonical quotient from B to B/I. 
Since -S" is C*-exact, Ker{q®id) — I®S. Hence Ker{'4>®id) — Ker{'4> oq® 
id) = I ® S (where ip is the canonical injection from B/I to C). Therefore, 
by Lemma 3.6, Ker{%p ® id) = {m e M{B ® S) : m ■ {B ® S),{B ® S) ■ 
m I ® S}. Now for any x E I, {ip ® id)eB{x) = ec{4'{x)) = 0. Thus, 
€b{x) E M{B 0S)n Ker{iiWTd) C M{I ® S) (by [2, 1.4]). 

Let D be a C*-algebra with an injective coaction 5 by a Hopf C*-algebra 
that is defined by a regular multiplicative unitary. Let (C, jd, u) be the full 
crossed product of S (see [6]). Then jo is injective because the canonical 
map from D to the reduced crossed product is injective and the reduced 
representation is covariant. 

Stimulated by [9, 4.3], we have the following lemma. 
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Lemma 3.8: Let B he a C*-algcbra with an injective and non-degenerate 
coaction e hj S = Sy where V is a co- amenable irreducible multiplicative 
unitary on a Hilbert space H. Let be a C*-algebra with an injective coac- 
tion Shy S = Syi . If (6 is an (non-degenerate) equivariant *-homomorphism 
from B x^r S to D such that the restriction of on S (considered as a 
subalgebra of M{B x^ ^ S)) is injective, then is injective. 
Proof: Since (f) is equivariant, by [6, 3.9], it induces a map $ from {Bx^^rS)Xi 
S to DxsS such that $oj = j^o^ and $o/i = u (where {{B x^^rS) XiS,j, jj) 
and {D Xs S^jo, t^) are the full crossed products of e and 5 respectively). It 
is not hard to show that $ is equivariant with respect to the dual coactions 
defined in [7, 1.12]. Now since V is a co-amenable irreducible multiplicative 
unitary [B x,,^ S) x,- S = {B x,,,. S) x^^^ S = B® IC{H) (by [1, 7.5]). It is 
also clear that the dual coactions defined in [7, 1.12] and in [1, Section 7] are 
identical in this case. Now by the proof of [1, 7.5], for any b e B, 7rL{b) (g) 1 
(e B Xe,r S Xi^r S) Corresponds to 7rij(6) = {id R)e{b) (g -B ® K,{H)) under 
the isomorphism. Regard $ as a map from B ® Ki{H) to D Xs S. Then we 
have ^(iTii^b)) = jo{4>{b)). Let J = Ker{^). J is weakly invariant by Lemma 
3.7 (note that S is nuclear by [6, 3.6]). Moreover, by the proof of [8, 3.15], 
J — I ® IC{H) for some weakly invariant ideal / of B. Now for any x E I, 
€{x) e M{I i^iS). Since R is an isomorphism from 5" to 5"^ C C{H), t:r{x) G 
M{I®Sy) C Ker{^) (by Lemma 3.6). Hence Jd(0(.^)) = ^{tir^x)) = and 
so (pix) = (note that jo is injective as S is injective). Therefore, from the 
hypothesis, / = and so $ is injective. Using the facts that j is injective 
(the dual coaction e is injective) and that ^ o j = jn ° 4>, we showed that 
is also injective. 

Now we can give a proof for Theorem 3.4. 

Proof: (Theorem 3.4) Let (^4 x^ /x) be the full crossed product of 

e. Then (j ® id)e'(a) = {id ® Ly)((^ ® id){V'){j{a) ® (g) id){V'y) = 
((yU (g) id,){Y'){j{a) ® l)(/x ® id){Y')*). Hence, (j, o py) is a covariant pair 
for e' and so there exists a non-degenerate *-homomorphism from A x^i 
Sw to M{A Xg Sy)- Moreover, since 1 G {Sv)p, j{A) C A x^ Sy- Hence 
(l){A x^i Sw) ^ A x^ Sv- Let be the Haar state on {Su)p and let D = 
{A X, SvY . Then D ^ {id ® ip)e"{A x, Sy). Now for any a El A and 
t G {Sv)p, {id ® ip)e"{j{a)ii{t)) ^ {id ip o px'){{j{a) l)(/i id)5v{t)) = 
j{a){ii<S)'fi)ex'{t)- By the assumption that py is an isomorphism from {Sw)p 
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to {Sv)p^' ■ we have 0(A x^> Sw) = D. Next, we would like to show that 
(f) is iiijcctivc. Note that for any a € A and s G {Sw)pi e(j(a)/x(py'(>s))) = 

{j{a)®l){iji®id){pY'®PY'){^w{s)) G {Ax^SvY" ®{Sw)p (since (5'vy)p is unital 
and py' is a Hopf *-monomorphism) . Moreover, if ui is an approximate unit 
of A, then e[j{ui)) — j{ui)®l is an approximate unit for {Ax,SyY ®{Sw)p- 
Hence e induces an injective coaction 5 on {Ax ^ SvY" by {Sw)p = Sw (note 
that 5 is injective since {id ® Ew)5 = id with Ew being the co-identity of 
{Sw)p)- Furthermore, (p is clearly injective on A since j is injective (note that 
e is injective). Therefore, by Lemma 3.8, (p is injective. We are now going 
to use Proposition 2.11 to prove this theorem. It remains to show that e" is 
effective. Since px' is surjective (by assumption), it suffices to show that e is 
effective. However, since Sv{{Sv)p) ■ {{Sv)p 01) = {Sv)p 8) {Sv)p, it is easily 
seen that e is effective. 
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